It is one of the tasks of railway engineering to address track deterioration because it has serious consequences on the safety of train operation. Track irregularities are getting worse by degrees with accumulation of plastic deformation due to cyclic loading as trains pass. Track maintenance operations represented by "tamping" are periodically performed in order to maintain track irregularities at the level required from the viewpoint of riding quality and safety. It is important that track irregularities should be kept at a satisfactory level through appropriate maintenance activities with the optimal cost.
In this paper, we propose the modeling of optimal railway track maintenance scheduling for track irregularities. To determine an effective schedule, we develop a decision supporting system (DSS) 1) shown in Fig. 1 . When developing this system, we focus on a model for decision-making for maintenance schedules.
First, we build a mathematical programming model to determine an optimal maintenance schedule for tamping with an MTT in terms of maintenance cost and level of surface irregularities. This model allows us to decide which lot should be subjected to maintenance work with an MTT in consideration of various constraints during the specified term.
Next, we must note that this model generally has a very large scale from the view point of solving the model. Thus, for the purpose of convenience, we investigate procedures to solve the model in a reasonable time. It is designed to easily obtain a feasible solution. We confirm that the procedures provide us with a feasible tamping schedule with an MTT.
Finally, we apply the scheduling model to an assumed railway network and make an optimal tamping schedule with an MTT by considering various constraints given by the features of the railway network. In this application, we confirm that the model solution keeps the standard deviation of surface irregularities at a satisfactory level with the optimal cost. From the result of this application, we confirm that we can execute efficient maintenance activities with the model. to make an optimal schedule, we use a historical data set of surface irregularities measured for more than two years. To control the irregularities, we divide the irregularity data along the railway track into the data sets of lot. A lot is N*100 m in length and a division for tamping unit. If a lot is scheduled to receive tamping with an MTT, we execute tamping at the scheduled time. We predict the transition process with a transition model in each lot. An outline of the transition model is as follows. Figure 2 shows the image of the transition process of the surface irregularities. It is composed of two processes of degradation and recovery of normal surface profile. Thus, by analyzing actual historical data, we develop these degradation and restoration models. Then, we apply these models in order to build the optimal scheduling model.
Degradation model 2) 3)
A degradation model is built in each lot by applying the exponential smoothing method 4) . We can predict the growth of the standard deviation σ (mm) of surface irregularities with the model by using historical data in each lot.
From the results of actual data analysis, we confirmed that this degradation model is useful to predict changes in the surface irregularities.
Restoration model 2) 3)
A restoration model is built in each lot in one railway division while considering the track structure and maintenance method. Strictly speaking, it is difficult to assume that the same restoration model holds in all lots. However, it is hard to develop a model for each lot, since the actual data are limited. Therefore, we apply the model that expresses the relation between the pre-tamping irregularities and the quantity of improvement with a regression line to the lots. Then, we predict changes in surface irregularities. To obtain the optimal schedule, while taking into account the constraints that can be provided, we develop an integer programming model. Then, the model provides us with an optimal MTT tamping schedule consisting of its allocation to the depot and operation in the lot. The structure of the model is as follows.
Sets are defined as follows. 
Constraints are defined as follows. i) Selection of a depot
One MTT is available for the appointed area. This constraint implies that the MTT can be allocated to each depot in each term as a unit.
ii) Upper limits for the number of lots for which tamping is to be executed in each term As the MTT and manpower are limited, we can not execute tamping everyday. Therefore, the limit for the number of lots to be tamped is determined for each term.
A k ={Maximum number of lots for tamping in the term k } iii) The period in which tamping can be executed in each lot For each lot, the period in which tamping can be executed is determined as a regulation by taking seasonal restrictions, business policy and repair of the MTT into consideration.
J 1 ={The lot given with this constraint} R j ={The term k in which tamping can not be executed for the lot j} iv) Upper bounds for the frequency of tamping for each lot The maximum frequency of tamping for each lot within the period of schedule is one.
v) Logical constraint for the tamping method For all lots, tamping can be scheduled only when an MTT is allocated to the depot including the lot. This constraint also defines an area where MTT operation is allowed in each term.
{The lot for which tamping can be executed in the case that an MTT is allocated to the depot d} vi) The area where the MTT can move and work in consecutive terms The MTT can not work for two lots located far away from each other in consecutive terms. We set an allowed area for MTT operation considering the layout of depots in consecutive terms.
D 1 ={Depot for which tamping can not be executed in consecutive terms with the depot d} vii) MTT allocation to the appointed depot in the appointed term Large-scale track renewal work is often scheduled for specific divisions as a business policy. The work usually involves MTTs. In the term when a renewal is scheduled, therefore, the MTT should be allocated to the appointed depot (near the division where the track renewal is scheduled).
viii) Upper bound for surface irregularity of lot We determine the upper bound for surface irregularities by taking running safety and riding quality into consideration. We set the bound in terms of the maximum value of the irregularities y lim and vibration of vehicle α lim while considering the probability distribution of surface irregularities obtained by statistical data analysis 2) 3) . The surface irregularities of any lot must not exceed the upper bound throughout the schedule period. By using the transition model of surface irregularities, we identify the lots whose surface irregularity possi bly exceeds the upper bound. Then, given the 3 j c k as the time limit to execute tamping for lot j 3 , we should execute tamping until the limit. The main purpose of tamping to improve surface irregularities is to secure the running safety and good riding comfort of vehicles with the optimal cost. Then, the objective function of this scheduling model is to minimize the maintenance cost expressed by the following formula.
C p =Unit cost for tamping with an MTT By using the above-mentioned model, we can obtain the optimal tamping schedule which can provide us with a satisfactory level of surface irregularities with the minimum maintenance cost C * . However, we may possibly achieve a better level of surface irregularities with the same cost C * . Therefore, after obtaining the solution for the above model, we exclude the objective function (A) and add the following constraint and the objective function to resolve the integer programming model.
x) Upper bound for the maintenance cost
To execute economical maintenance activities, we set an upper bound for the maintenance cost that is the objective function obtained above. However, we can increase the value C * by considering business policy.
Here, for effective maintenance activities, we assume that the optimal tamping schedule can achieve a better condition for surface irregularities with the minimum tamping cost. From such a viewpoint, the objective function of this scheduling model is to minimize the mean value of the standard deviation of surface irregularities under the constraints i)~x). Thus, the objective function is expressed by the following formula. The above function is equivalent to the following criterion 5) .
3. Application on an assumed railway network 3. Application on an assumed railway network 3. Application on an assumed railway network 3. Application on an assumed railway network 3. Application on an assumed railway network 3. We apply the scheduling model to an assumed railway network. By using the model, we obtain an optimal tamping schedule that reflects various constraints given by the features of the railway network. The network structure is as shown in Fig. 3 . The network is 150 km and a lot is 500 m in length. There are five depots (A~E) in this network. One MTT works for this network. By solving the model, we can obtain an optimal MTT allocation and tamping schedule. For the investigation, we assume the following problem concerned with the above-mentioned railway network, which is a half-yearly scheduling problem. The scale of this problem is as follows. The sizes of sets are given as K max =18, D max =5 and L max =300. The number of decision variables is 5,490 (z kd =90 and w kj =5,400). The number of constraints is 1,251,447. The numbers of influential constraints follow "vi) The area where the MTT can move and work in consecutive terms : 1,224,000," and "ix) Upper bound for the surface irregularity of area : 108."
Let's obtain the optimal solution of this problem by a PC (IBM-PC, OS : Windows 98, Optimizer : XPRESS [Dash Associates Inc.]) whose CPU ability is 266 MHz and memory is 96 MB.
From the result of another research 5) , we recognize that such a large size integer programming model is difficult to solve and obtain a model solution in a short time from the viewpoint of practical use. Thus, for the purpose of convenience, we develop a procedure to solve the model and determine a feasible tamping schedule with ease. It should be designed to easily obtain a feasible solution close to the optimal solution. We propose a procedure to obtain a solution by relaxing the integrality condition and reducing the size of the model. We show the procedure in Fig. 4 and divide the model into three STEPs based on the features of objective functions.
As STEP 1, we solve the relaxed problem P 1 (L max ) that has deleted the integrality condition for the variable z kd and w kj . Therefore, we solve the problem by regarding these variables as continuous. We denote the optimal solution of the problem P 1 (L max ) by {z kd *1 } and {w kj *1 }, while {C *1 } is the value of the objective function (A).
As STEP 2, we reduce the size of the problem and solve the restricted all-integer programming problem. Fig. 3 Structure of the railway network system Fig. 3 Structure of the railway network system Fig. 3 Structure of the railway network system Fig. 3 Structure of the railway network system Fig. 3 Fig. 4 Procedure for solving the model Fig. 4 Procedure for solving the model Fig. 4 Procedure for solving the model Fig. 4 Procedure for solving the model Fig. 4 Procedure for solving the model First, we identify the lots such that the constraints viii) are active or their irregularities may exceed a criteria (for example, the mean value of standard deviation of surface irregularities of all lots at present) in the schedule period. Let the number of the lots be R. We solve the restricted integer programming problem P 2 (R) with respect to the variables related to the lots described above. Namely, the model considers only R lots. If we can obtain the optimal solution {z kd *2 } and {w kj *2 }, it is confirmed that the problem can be solved as an integerprogramming model while considering all lots. In other words, there should be a feasible solution. Otherwise, we relax the constraint Ò"Upper bound for the surface irregularity of area." It can be a very tight constraint making it difficult to obtain the optimal solution or taking too much time to solve the problem. Thus, in the case that it is difficult to obtain the optimal solution, we relax it to a loose constraint and resolve the problem. Then, we can obtain the solution and the information regarding the term that the constraint cannot be satisfied. {C *2 } is the value of the objective function (A) of the optimal solution of the restricted problem that exceeds the value of {C *1 }. Here, we can evaluate the quality of the obtained solution by comparing the value {C Then, we add the constraint x) and the objective function (B). In the constraint x), we change the value C * to c. We set c={C *2 } first. We solve the model as a restricted allinteger programming problem P 3 (R, c) with the above mentioned lots. If the computation time T(R, c), up to reaching the exact optimal solution, is shorter than the appointed limit time T * , we can obtain an optimal solution of the problem. If not, we terminate the computation at the time T * , then we can obtain the best solution of the problem by the time T * as {z kd *3 } c , {w kj *3 } c and {v *3 } c which is the value of the objective function (B) corresponding to the solution. Here, if the variable c is smaller than
A , we change the value c to c+C p . Then, we resolve the problem P 3 (R, c) under this condition. Otherwise, we finish STEP 3 and evaluate the quality of the obtained solution by comparing the solutions of each STEP. From the solutions of STEP1 and STEP2, we can calculate the value that corresponds to the value of the objective function (B) v as {v *1 } and {v *2 }. Therefore, in terms of the level of surface irregularities, we can evaluate the quality of the solution by comparing them.
This procedure provides us with a feasible tamping schedule for models of any size. We apply this procedure to the problem mentioned above. The computation condition is shown in Table 1 . For the investigation, we change the constraints ix) into three cases. We set the value σ σ Table able able  able able 
}=15
The mean value of the standard deviation of surface irregularity in each term :
value of Case(I) is decided with the aim of improving surface irregularities. The value of Case(II) is decided with the aim of maintaining the level for surface irregularities as it is. On the other hand, the value of Case(III) is decided with the aim of relaxing surface irregularities. The computational results of the application regarding Case (I) is as follows.
As STEP 1, we solve the relaxed integer programming problem. Then, we obtain the solution whose value is {C *1 } =31.7 within one minute. As STEP 2, 128 LOTs are identified as the LOTs for this STEP. Thus, by considering the 128 LOTs, we solve the restricted integer programming problem, so that we obtain the solution whose value is {C *2 } =33. The value {C *2 } is close to the value of {C *1 }. Finally, as STEP 3, we solve the problem of all-integer programming in consideration of the restricted LOTs. We set the limit time to terminate the computation time T * = two hours. Then, we obtain the solution whose value is {v *3 } 33 =390.4 for two hours. Therefore, we can confirm that the value {v *3 } 21 is about 143% of {v *1 } and 167% of {v *2 }. The process for the optimal solution is shown in Fig. 5 . In STEP1 and STEP2, we obtain the optimal solution in terms of cost. Then, in STEP 3, the optimal solution is obtained by optimizing the level of surface irregularities. The mean value of the standard deviation of surface irregularities in the schedule period tends to decrease in proportion to c. It shows the relation of trade-off between the tamping cost and the level of surface irregularities. Thus, it is effective to use this procedure to solve such a large scale model. The obtained schedule for the MTT allocation is as shown in Table 2 . By following the solution, the process for the level of surface irregularities that may be brought about in the schedule period is shown in Fig. 6 [Case (I)]. According to the solution, the mean value of the standard deviation of surface irregularities tends to be smaller than the initial value. At the end of the schedule period, the value of every depot is smaller than that at the beginning of the period. Therefore, we can realize a better condition than the current one with this model and procedure. Regarding other cases, the process for the level of surface irregularities is also shown in Fig. 6 . In the Case (II), to keep the level as it is, tamping is needed more than 23 times. On the other hand, in the Case (III), tamping is needed more than 17 times since the level is relaxed. However, all solutions are obtained by terminating the computations. Therefore, they are not optimal solutions.
As seen from the above results, we conclude that we can execute efficient maintenance activities with the model while considering various constraints and business policy. We built an integer programming model for obtaining an optimal tamping scheduling by an MTT. We obtained the following results.
(1) The integer programming model provides us with an optimal MTT allocation and tamping schedule to minimize the tamping cost and maximize improvement by the MTT operation while taking into account various constraints. (2) In order to solve the scheduling model on a wide-use PC, we proposed a simple procedure to obtain a feasible tamping schedule for problems of any scale in a reasonable time. We confirmed that the procedure is effective in terms of the computation time and the accuracy of the optimal solution. (3) By applying the scheduling model to an assumed railway network, we confirmed that the model solution kept the standard deviation of surface irregularities at a satisfactory level and achieved efficient maintenance activities. We also believe that our integer programming model can be of practical use as a Ò"nearly" optimal solution can be obtained on a normal personal computer within a reasonable computation time. (4) We regard the procedure for solving the model as one of the procedures to obtain a feasible tamping schedule. Thus, we need to continue investigating the applicability of this procedure and develop a better one. Future problems lie in this region. We are presently working for this purpose.
